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In P a r t  I of this paper  a f r ee - s t r eaml ine  wake model  was int roduced to 
t r e a t  the fully and par t ia l ly  developed wake flow o r  cavity flow pas t  a n  
oblique f la t  p la te .  This  theory i s  general ized h e r e  to investigate the 
cavity flow pas t  an obstacle  of a r b i t r a r y  prof i le  a t  an  a r b i t r a r y  cavi ta-  
tion number .  Consideration i s  f i r s t  given to  the cavity flow pas t  a poly- 
gonal obstacle  whose wetted s ides  m a y  be concave towards  the flow and  
m a y  a l s o  p o s s e s s  some  gentle convex c o r n e r s .  The genera l  c a s e  of 
curved walls  i s  then obtained by a l imiting p r o c e s s .  The aiaalysis i n  th i s  
genera l  c a s e  l eads  t o  a s e t  of two functional equations fo r  which s e v e r a l  
methods of solution a r e  developed and d i scussed .  
As a few typical  examples  the analysis  i s  c a r r i e d  out in deta i l  f o r  the 
specific c a s e s  of wedges,  two-step wedges,  flapped hydrofoils ,  and 
inclined c i r c u l a r  a r c  pla te .  F o r  these  c a s e s  the p re sen t  theory i s  found 
in  good ag reemen t  with the exper imental  r e su l t s  avai lable .  
1 .  Introduction 
The gene ra l  theory of potential flows pas t  curved  obstacles  with a 
f r e e  boundary format ion has  been long recognized a s  an in te res t ing  but 
difficult nlathematica.1 prob lem.  The questions of construction,  calcula-  
tion, a s  well  a s  exis tence and uniqueness have int r igued many outstand- 
ing hydrodynamicis ts  and mathematic ians  a l ike .  The ce lebra ted  work  
of Levi-Civita (1907) fo r  th.e infinite cavity c a s e  has  provided the b a s i s  
fo r  the gene ra l  theory by introducing a convenient paramet r iza t ion  of the 
flow by which the solution i s  exp re s sed  in t e r r n s  of a n  a r b i t r a r y  aiialytic 
function in a half unit c i r c l e ,  and thereby removing the unknown f r e e  
boundary f r o m  the  question.  Lev i -Civ i ta ' s  r epresen ta t ion  h a s  been  fu r -  
t h e r  advanced by Villat ( 19 l  l )  who fo rmula ted  the flow prob lem in  t e r m s  
of functional  in tegra l  equations which have played a c e n t r a l  ro le  in the 
ex i s t ence  theory  and  the ac tua l  const ruct ion of the solution, Detai led d i s -  
cu s s ions  of t he se  fundamental  a r t i c l e s  and  the r e l a t ed  developments  c an  
be found in  the r ecen t  l i t e r a t u r e  on t h i s  subject ,  f o r  example .  s e e  Ci lba rg  
( 196 O ) ,  Birkhoff and  Zarantonel lo  ( 195 7 ) .  
It h a s  been  noticed that  pe rhaps  the m o s t  complex and  difficult 
p r ob l em of a l l  i s  the ac tua l  computation of the solution. Some prac t i ca l  
a s p e c t s  of these  diff icult ies have been d i s cus sed  by Rirkhoff and Zaran-  
tonel lo  (Chap te r  9) .  Th i s  p rob l em i s  somewhat  unavoidable s ince  fo r  
cav i ty  f lows pa s t  c u r v e d  obs t ac l e s ,  even with infinite cav i t i e s ,  the  num- 
e r i c a l  methods  s e e m  to  be the  only m e a n s  of obtaining a n  accu ra t e  solu- 
t ion f r o m  the exac t  theory .  While s e v e r a l  f ini te-cavity flow mode ls  have 
a l s o  been  cons ide r ed  toge ther  with the corresponding functional  equations 
of V i l l a t ' s  type ( s e e ,  e. g. , Gilbarg ,  1960), the  incorpora t ion  of t he se  
rnodels  only magni f i es  the  complex i t i e s  of the  computation.  One approxi-  
m a t e  method in common  u s e  is t o  d i s c r e t i z e  the  continuous cu rva tu r e  
equat ion by a polynomial  r e p r e  sentat ion and  t o  solve the resu l t ing  s e t  of 
equat ions  by d i r ec t  i tera t ion.  However ,  t h i s  i t e ra t ion  h a s  Seen shown to  
d iverge  fo r  l a r g e  va lues  of a c e r t a i n  p a r a m e t e r  M (which r e l a t e s  the 
s ca l e  of potential  and  that  of the  physical  plane);  f o r  such c a s e s  a m o r e  
e l ebo ra t e  ave r aged  i t e r a t i on  h a s  been in t roduced by RirMioff, Goldstine 
and  Zarantonel lo  ( 1954). F r o m  our  exper ience ,  the diff icult ies becorne s  
pa r t i cu l a r l y  not iceable  in  the  c a s e  of thin cu rved  b a r r i e r s  he ld  a t  s m a l l  
inc idences  to  the  flow s ince  the  to ta l  va r ia t ion  of the  in tegrand  in  the 
functional  equations i n c r e a s e s  r a p i d y  with dec r ea s ing  angle of a t t ack .  
Unfortunately,  t h i s  i s  a l s o  the  c a s e  of cons iderab le  i n t e r e s t  f r o m  the  
viewpoint of p r ac t i c a l  appl ica t ions ,  such a s  the  czvitat ing hydrofoi ls  and 
s t a l l ed  a i r fo i l s .  In sho r t ,  i t  s e e m s  that  s o  f a r  none of the gene ra l  i t e r a -  
t ion  me thods  have been  r igorous ly  p roved  to  converge ,  and  t heo re t i c a l  
e s t i m a t e s  of e r r o r  a r e  s t i l l  lacking,  
The main objectives of this paper a r e  two-fold: (1 )  f i r s t  to develop 
a n  exact theory for the general case  of a rb i t r a ry  body profile and a r b i t r a r y  
cavitation number by adopting a ra ther  simple wake model and by using a 
different parametr izat ion,  ( 2 )  to examine various numerical schemes  
which can be applied uniformly in the incidence angle and the cavitation 
number.  
In P a r t  I of this  paper (Wu, 1962) a f ree-s t reaml ine  wake model 
was  introduced to t r e a t  the flow past an oblique flat plate with a fully o r  
partially developed wake ( o r  cavity) formation. According to  this  model 
the wake flow i s  approximately descr ibed in the l a rge  by an  equivalent 
potential flow past the body with an  infinitely long wake which cons is t s  
of a near-wake of constant under-pressure  and a far-wake trail ing down- 
s t ream.  The p r e s s u r e  inc reases  continuously back to i t s  f ree  s t r e a m  
value along the far-wake boundary which i s  assumed to form a branch 
s l i t  of an unknown shape in the hodograph plane. 
This  theory will now be generalized to evaluate the wake ( o r  cavity) 
flow past an  obstacle of a rb i t r a ry  profile a t  a rb i t r a ry  cavitation number.  
Consideration i s  f i r s t  given to a polygonal obstacle whose wetted s ides  may 
be concave towards the flow and may also possess  some gentle convex 
co rne r s .  The pa ramet r i c  plane of the flow i s  chosen to be in a half unit 
c i rc le ,  with the c i rcu lar  a r c  corresponding to the constant p r e s s u r e  f r e e  
boundary and the diameter  to the wetted surface in such a way that th i s  
plane becomes the hodograph a s  the polygon i s  degenerated to  a flat plate. 
The general c a s e  of curved walls i s  then deduced by a limiting p rocess ,  
The analysis  in th is  general case  leads to a set  of two functional equations 
which a r e  quite s imi lar  to  Villat ' s equations. These equations immediate-  
ly provides the exact solution of a wide c l a s s  of the "inverse problems". 
While the general direct  problems a r e  sti l l  difficult to  solve exactly, the 
computation of the present  theory i s  however not fur ther  complicated by 
non-vanishing cavitation numbers  (aside f rom the determination of an 
additional s ca la r  pa ramete r ) .  Several numerical methods for  the general  
purpose have been developed he re ,  some of which have already been ap- 
plied with success .  
In o r d e r  to  exhibit s o m e  sa l i en t  f e a tu r e s  of cavity flows p a s t  cu rved  
obs t ac l e s ,  such  a s  the ef fects  of c a m b e r ,  cavitat ion number ,  incidence 
angle ,  and s o  fo r t h ,  a s  well a s  to achieve a sound g r a s p  of the convergence 
of va r i ous  numer i ca l  s c h e m e s ,  the ana lys i s  and the subsequent  computa- 
tion have been c a r r i e d  out in  deta i l  fo r  s e v e r a l  typical  examples :  wedge, 
two-s tep wedge,  hydrofoil  with a f lap ,  and inclined c i r c u l a r  a r c  p la te .  
The adopted methods  have been found to converge in eve ry  c a s e  t r i e d .  
F u r t h e r m o r e ,  in  these  c a s e s  the p r e s e n t  theory  i s  found i n  good a g r e e -  
m e n t  with the expe r imen t a l  r e su l t s  avai lable .  
2. Cavi ty  F lows  and  Wake Flows P a s t  a  Polygonal  Obstacle ;  P a r a m e t r i -  
za t ion 
We cons ider  f i r s t  the s t eady ,  plane,  potential  flow of an  incom-  
p r e s  s i b l e  fluid p a s t  a  polygonal obstacle  with a wake o r  cavi ty  f o rma t ion  
in  s u c h  a way that  the N s ide s  of the polygon a r e  wetted and the flow i s  
s e p a r a t e d  f r o m  fixed leading and t ra i l ing edges  A and B,  fo rming  two f r e e  
s t r e a m l i n e s  ACI and BC'I,  a s  shown i n  the physical  plane z = x t iy of 
F i g u r e  1. The f r e e  s t r e a m  a t  infinity i s  incl ined a t  a n  angle a with the 
x -ax i s  which m a y  be  chosen  (but  not nece s sa r i l y )  to coincide with the 
cho rd  AB.  Let zo  = zA, z l ,  z 2 ,  . . . , 
Z~ = Z~ 
be the v e r t i c e s  of the p l y -  
gon; and  l e t  ( 1  + G k  )rr be the ex t e r i o r  angle (on the cavity s ide)  sub-  
tended by the consecut ive  s i de s  a t  z k ,  k = 1 ,  2, . . . (N-1).  
The polygonal wall  m a y  be concave towards  the flow and  m a y  a l s o  
p o s s e s s  s o m e  gent le  convex c o r n e r s  s o  long a s  the resul t ing flow config- 
u ra t ion  p rov ides  a val id  approximat ion of the ac tua l  phys ica l  flow. I t  i s  
noted that  the potent ia l  flow a t  such  a convex c o r n e r ,  if not  a s tagnat ion 
point ,  m u s t  be  s ingu la r  t h e r e .  Whether the flow is actual ly  s e p a r a t e d  o r  
not f r o m  such  convex c o r n e r s ,  however ,  should be invest igated by in- 
cluding the re levan t  r e a l  fluid ef fects  such  a s  the viscous  boundary l a y e r  
a t  the wal l ,  convection and diffusion of d i s so lved  g a s e s ,  a s  well a s  o ther  
p r o p e r t i e s  of incipient  cavi ta t ion I h e s e  r e a l  f luid ef fects  a r e  r a t h e r  com-  
p l i ca ted  and difficult t o  be taken into an  a c c u r a t e  account;  they wil l  not  be 
f u r t h e r  d i s cus sed  in  th is  work .  In the p r e s e n t  fo rmula t ion  the flow a round  
such  convex c o r n e r s  m a y  be r e g a r d e d  a s  an  approximat ion to the ac tua l  
c a s e  in  which e i the r  the r e a l  fluid ef fects  under the c i r cums t ances  keep  the 
flow f r o m  being s epa ra t ed  o r  the re  ex i s t s  only a s m a l l  s epa r a t ed  bubble 
with a n  immedia te  rea t t achment  to the solid s u r f a c e ,  s o  that  no s e r i o u s  
e r r o r  i s  r esu l t ed  f r o m  neglecting such  deta i led  loca l  s t r u c t u r e  of the flow. 
To  p e r m i t  such  gentle convex c o r n e r s  to r e m a i n  wetted in  the cavi ty  flow 
i s  v e r y  e s sen t i a l  when we l a t e r  genera l i ze  this  ana lys i s  by a l imi t ing p ro -  
c e s s  f o r  obs tac les  of a r b i t r a r y  prof i le .  With this  addit ional  degree  of 
f r e edom,  E k  i s  posit ive o r  negative according a s  the boundary a t  z  i s  k 
concave o r  convex towards  the flow. It should be emphas ized ,  neve r the -  
l e s s ,  that due caution m u s t  be  exe r c i s ed  to cons ider  the poss ibi l i ty  of 
change in  the bas ic  flow pa t te rn  ( such  a s  the flow in F i g u r e  1 m a y  change 
the separa t ion  point f r o m  B to z f o r  s m a l l  enough a ,  thus lsaving z B 3 3 
ins ide  the cav i ty ) .  
Adopting the s a m e  notation a s  in  P a r t  I ,  we have the complex  poten- 
t ia l  f (z )  = 'P t i$ , and the complex  velocity 
The f r e e  s t r e a m  h a s  velocity U and incidence angle a ,  s o  
The gene ra l  desc r ip t ion  of the p r e s e n t  wake flow mode l  h a s  been  
given in  P a r t  I ,  which m a y  be s u m m a r i z e d  h e r e  f o r  the convenience of 
subsequent  applicat ion.  The p a r t  AC and BC' of the f r e e  s t r e a m l i n e s  
f o r m  the l a t e r a l  boundary of a near -wake  of constant  p r e s s u r e  
p* being the f r e e  s t r e a m  p r e s s u r e .  F r o m  this  p a r t  onward p v a r i e s  con- 
t inually and monotonically f r o m  pc to pm along the fa r -wake  boundary,  
CI and  C'I .  I t  i s  f u r t he r  a s s u m e d  that 
Moreove r ,  the images  of the f r e e  s t r eaml ines  CI and C'I  a r e  a s sumed  to 
f o r m  a b ranch  s l i t  of undetermined shape in the w-plane (the hodograph- 
s l i t  condit ion).  The Bernoul l i  equation of the ex te rna l  flow i s  
where  q i s  the constant  value of q along AC and BC' . With q no rma l -  
C C 
i zed  to unity, we have 
where  a = ( k -  PC ) / ( ~ P U ~ ) ,  (6b) 
o being the wake u n d e r - p r e s s u r e  coefficient, o r  the cavitat ion number  
fo r  cavi ty  flows. Condition (3) i s  wri t ten  fo r  the c a s e  of full wake flow; 
fo r  the pa r t i a l  wake flow case ( s e e  P a r t  I fo r  f u r the r  deta i ls )  the constant  
p r e s s u r e  port ion BC' behind the trai l ing edge B then d i s appea r s .  
F o r  the p r e s e n t  p rob lem we introduce the 5 and t p a r a m e t e r  
plane s by 
where  A i s  a r e a l  posi t ive  constant  and the complex constant  i s  the 
image  point (yet  undetermined) of z = m. The flow regions  in the 5 
and t-plane a r e  shown in  F igu re  1 .  The loca l  conformal  behavior a t  C 
and C f  r e q u i r e s  that  df/d& = 0(1& - ) a s  15 - C C  1 - 0 ,  f r o m  which i t  
follows 
Moreove r ,  the l ine  segments  CI, C'I and DI a r e  s een  f r o m  (7) to be 
s t r a igh t  l i ne s  pa ra l l e l  to the I m  &-ax i s .  The fully cavitat ing flow i s  
again specif ied by the condition that  the point C' fa l l s  downs t ream of the 
t ra i l ing edge B, o r  
When the numer ica l  resu l t  gives Re Go > 1 the flow may be supposed to 
ha,ve undergone t ransi t ion to become par t ia l ly  cavitating. 
Equations ( 7 )  and (8) can be combined to give 
2 1 - 
where t , f r o m  (8),  i s  given by t = go  - ( G o  0 -1) . The use of the 0 
var iable  t i s  suggested by the analysis  of P a r t  I: h e r e  t plays the ro l e  of 
the var iable  w of the wake flow pas t  an oblique f la t  plate ( s e e  P a r t  I) s o  
that with t r w ,  (10) provides the requi red  solution of the f la t  plate p ro -  
b lem.  
The solution of the p re sen t  problem i s  seen  to  be bes t  r ep re sen ted  
in the pa rame t r i c  f o r m  f = f(t)  and w = w(t).  We proceed  now to de te rmine  
the l a t t e r  p a r t  w = w(t) . Let  the points 7 7 1' 2' " '  T on the r e a l  N- 1 
d iameter  of the t-plane ( -  1 < r1 < 7 <. . <7 < 1) cor respond to the v e r -  2 N- 1 
t i ces  z Z2, . .  . z N- 1 of the wall. We fur ther  l e t  the stagnation point D, 
a t  which w = 0, be chosen a t  t  = 0. Now, a s  the point z moves  along the 
polygonal boundary f r o m  A to  B,  I m  (log w) = a rg  w r ema ins  constant  on 
every  s t ra igh t  segment ,  jumps by ( E  T) a s  z moves a c r o s s  the ve r t ex  z k k ' 
and jumps by T a s  z goes over  the stagnation point. F u r t h e r m o r e ,  along 
AC and BC', where i t  1 = 1, we have Re(1og w) = log q = 0.  F r o m  these 
C 
two conditions one s e e s  by inspection that 
where p i s  the angle made  by the leading segment  with the x-axis ,  posi-  
0 
tive in  the counterclockwise sense .  I t  i s  obvious that  the above w s a t i s -  
f i es  the conditions on a r g  w over  the solid boundary.  F u r t h e r m o r e ,  with 
-1  < T <  1 and 6 r e a l ,  the conformal t ransformation 
T = ~p( i l . c ; s ,  (t - ~ l / ( r t -  1 )  (1 la) 
m a p s t h e c i r c l e  / t I = l  on I T I = l ,  a n d w e h a v e  ] T I  < 1  when I t [  < 1.  
This es tabl ishes  the solution (1 1 ) .  In pa r t i cu l a r ,  when Po and a l l  r k 
vanish,  w and t become identical ,  leaving (10) a s  the known solution of the 
f la t  plate problem ( see  P a r t  I ) .  
Equations (10) and (1  1) give the pa rame t r i c  solution f = f ( t ) ,  
w = w(t ) .  The solution i s  com.pleted when the physical z-plane i s  de te r -  
mined f rom 
The above integral  in genera l  cannot be integrated in a closed fo rm 
It  i s  noted that the solution given by ( l o ) ,  (11) and (12) contains 
( N  t 1) p a r a m e t e r s  A, T . . .  T 1' (N t 2 r ea l  p a r a m e t e r s  a s  only N- 1 
t i s  complex) which can be determined by the following considerat ion.  
0 
F i r s t ,  a t  z = m, or  t = t  application of condition (2) to (11) yields 
0' 
The region of I t  I for  the par t icu la r  ca se  of a l l  E > 0 can be seen  f r o m  
0 k 
(13) '  ( l l a )  to be: 
U < l L I  < 1, if all E L  > O ,  
F u r t h e r m o r e ,  the length of the kth segment i s  
Final ly ,  we a l so  have 
Where 1 i s  the chord length and nc the inclination of the chord.  Equations 
(13) and (14) a r e  (N -+ 1)  equa.tions, which a r e  in genera l  nonlinear and 
t ranscendental ,  for the ( N  t 1) p a r a m e t e r s  A,  to, Tl, . . . T N-1' 
F o r  fu r the r  discussion on the determination of these p a r a m e t e r s ,  we dis-  
tinguish between the following two c a s e s .  
3 .  The D i r ec t  and Inve r se  P rob l em;  Numer i ca l  I t e ra t ion  Methods 
The o r ig ina l  physical  o r  d i r ec t  p rob l em i s  speci f ied  with p r e s c r i b -  
ed  geome t ry  (given a l l  1 and E ) and the flow configuration (given a and k 
the cavitat ion number  0 ( o r  U ) ) ,  in  total t he r e  being (2N t 1) d i r e c t  
physical  p a r a m e t e r s  
A wake flow p a s t  a  N-s ided polygon can the re fore  be r e p r e s e n t e d  by a 
point P in  a (2N t 1)-dimensional  space  with the above coord ina tes .  The 
reg ion  of these  coord ina tes  pe rmi s s ib l e  f o r  ou r  phys ica l  p rob l em m a y  be 
de sc r i bed  a s  
where  6k ,  the l ower  l i m i t  of r m a y  be z e r o  o r  m a y  a s s u m e  s o m e  k ' 
s m a l l  negative value ( i n  o r d e r  to  r e n d e r  a val id  approximat ion of the 
actual  mot ion,  a s  explained e a r l i e r ) ,  As ide  f r o m  this  qualifying condi-  
t ion,  no  definite lower  bound of the negative value can  be  s t a t ed  i n  g e n e r a l  
f o r  6 I f ,  however ,  6 2 0,  k = 1 ,  2 . . . N-1, then the wetted s u r f a c e  k ' k 
is concave to the flow. 
On the o the r  hand,  o u r  solution given by (1  0)---(14) a l s o  def ines  
a wake flow p a s t  a N-s ided polygon which can  be r e p r e s e n t e d  by (2N t 1) 
" inverse  flow" p a r a m e t e r s  
with the cor responding  region 
F o r  the m o r e  r e s t r i c t e d  c a s e  of 6 - 0 in (16b) and (1 7b) the co r r e spond -  k - 
ing reg ion  will be denoted by R e  and R,' -r . F o r  def in i teness  s o m e  s t a t e -  
m e n t  i n  the seque l  will be m a d e  on the b a s i s  of the reg ion  R::: and R, -#. ' 
s ince  the r e l axed  c a s e  when E m a y  a s s u m e  small negative values  m u s t  k 
eventually depend on exper imental  ver i f icat ion 
Le t  us consider  the i nve r se  problem by choosing a point P' within 
the region R* I .  Then, since I T k  I < 1 and I t  ( < 1 ,  i t  follows f r o m  (13) 
0 
that 
s o  that  D = ( um2 -1) > 0.  Equating the a rgument  of (13),  we obtain the 
incidence (a - Po) of the leading segment  
The en t i r e  configuration i s  then fixed (up to a common sca le  factor  A) ,  
with the length 1 of every  segment  given by (14).  The re fo re ,  to  each  
I 
k 
P' i n  R, there  co r r e sponds  a single P in  R+ . In this s ense  we may  
-,- 
a s s e r t  that the mathemat ica l  solution of an i nve r se  prob lem ex is t s  and i s  
unique. 
In the d i r ec t  p rob lem with p re sc r ibed  P ,  there  a r e  (N t 1) un- 
known p a r a m e t e r s  A; to ;  T ~ ,  . . . T N-1' which have to be de te rmined  
f r o m  the (N t 1) t ranscendental  equations (13) and (14).  These  equations 
a r e  i n  gene ra l  v e r y  difficult  to solve direct ly .  The exis tence and unique- 
n e s s  considerat ion f o r  the or iginal  physical  p rob lem i s  to es tab l i sh  the 
conve r se  s ta tement  that  to each  point P there  cor responds  one and only 
one P',  o r  in  other  words  that  the (N t 1) nonlinear equations (1 3) and 
(14) p o s s e s s  a unique solution of the ( N  t 1) unknown p a r a m e t e r s  fo r  any 
p e r s c r i b e d  values of the physical  p a r a m e t e r s  in  P. The problem of 
ex is tence  and uniqueness may  be t rea ted  by adopting the idea of "local 
uniqueness" a s  used  by Weinstein (1924, 1927, !929), and L e r a y  (1934, 
1935) f o r  s i m i l a r  p rob l ems  in  the theory of f r e e  boundary flows. The 
de ta i l s  of such considerat ions ,  however,  will not be pursued  fu r the r  i n  
this work.  
The above considerat ion of the inv,erse prob lem provides  a ba s i s  
. . 
of construct ing approximate  methods f o r  the d i r ec t  physical  p rob lem.  
We have essen t ia l ly  es tabl ished two such  methods :  (i) a n  i n t eg ra l  i t e r a -  
tion s c h e m e  and (ii) a  d i f ferent ia l  pe r tu rba t ion  approximat ion,  both de-  
pending on a  known bas ic  flow a s  the r e f e r e n c e .  The di f ference between 
the ac tua l  flow and the bas ic  flow need not be v e r y  s m a l l  f o r  the f i r s t  
method a s  long a s  the i t e ra t ion  converges ,  whe rea s  this  d i f ference i s  
a s s u m e d  s m a l l  f o r  the second method to be effective.  The i n t eg ra l  
i t e ra t ion  fo r  polygonal obs tac les  i s  bes t  p r e sen t ed  a s  a  spec ia l  c a s e  of 
the gene ra l  method fo r  cu rved  p rof i l e s ;  th is  i s  done in Section (5A) .  We 
p r e s e n t  below the di f ferent ia l  pe r tu rba t ion  method a s  i t  m a y  a l s o  b e a r  
some  i n t e r e s t  r egard ing  the p rob l em of exis tence  and uniqueness .  
Suppose that  a  bas ic  flow P ( a ;  o ;  I ,  . . I ;  6 ,  . . E ) is N- 1  
T given by (13) and (14) with p resc r ibed  p a r a m e t e r s  P' (A; t  ; T1, . . . N - l ;  0 
E . . . ) L e t  these  p a r a m e  e r s  be given var ia t ions  bA, bV, N- 1  -\ Qo 
6 a  6  T k J  6  E k J  where  t  = V e Then the cor responding  va r i a t i on  
0 ' 0 
of the phys ica l  p a r a m e t e r s  i s  given by 
where  i n  (19a) ,  j = 1, 2, . . . N. In (19c) U m a y  be r ep l aced  by o s ince  
-2 
o = ( u -1 ) .  The coefficients  of the above s e t  of (2N + 1) equat ions  can 
be read i ly  deduced by di f ferent ia t ions  of (13) and (14) ;  t he i r  expl ic i t  ex- 
p r e s s i o n s  hence will not be  given h e r e .  
Converse ly ,  if a  phys ica l  flow i s  given by P* ( a ;  0 ; I + 6 I k; 
E + 6 E ) which i n  t u rn  m a y  be r ega rded  a s  a  va r ia t ion  of the ba s i c  k  k  
f low a t  f ixed a  and o , then the corresponding var ia t ion  of the i n v e r s e  
p a r a m e t e r s  can be obtained by solving the (2N + 1)  l i n e a r  equations (19) 
with the known quanti t ies 6 8 k ' 6 E k ' 6 U = 0, 6 a = 0, provided that 
th.e Jacobian 
a('j'; l , , - . ' ~ j  E ~ , ) / ( A ;  v z , , . t N " , j c , ~ N - , )  
'20) 
i s  nonvanishing. The l a s t  s ta tement  would a l so  imply existence and uni- 
The above per turbat ion theory can be applied to cons t ruc t  an 
i t e ra t ion  scheme a s  follows. We combine the s o  determined var ia t ion 
( 6A,  6V, hao,  6 T ~ ,  6 E k) with the original  re fe rence  flow to provide 
a new re fe rence  flow Pi ( A  + 6 ~ ,  V + 6V, a. i ha0,  Tk + 6 ~ ~ .  
E + 6 E ) which, by using (13) and (14) a s  a n  i nve r se  prob lem,  pro-  k k (1) (1) vides  in  turn a new physical  flow P ( a ' l ) ,  0 , l , E k ( l ) ) .  By 1 
compar i son  of P1 with the given flow P, a s e t  of new var ia t ion ( 6 a ,  6 0 ,  
f 
6 Q k ,  6 E ) of the physical  p a r a m e t e r s  i s  obtained, thus enabling one k 
to p roceed  by repeating the p r o c e s s  i tera t ively  over  and over  again.  
Needless  to say ,  the succes s  of this i tera t ion p r o c e s s  depends on how f a s t  
'"1 ("1 the s e t P  (a'"), , Qk E~ 
n  
(n)) converges  to the p r e s c r i b e d  physi-  
c a l  flow. 
I t  may  be r e m a r k e d  that the f i r s t  re fe rence  flow need not have 
the s a m z  number  of N faces .  F o r  example,  when a l l  the 
€ k  ' s a r e  sma l l ,  
the cavity flow pas t  the f la t  plate spanning along the chord  AB can be used 
a s  the basic  flow, in  which c a s e  the cornplex velocity w of the basic  flow 
coincides  with t,and T ~ ,  . . . T N- 1 of the basic  flow become the image  in 
the t-plane of those points on the f la t  plate which a r e  a t  the s a m e  length 
a p a r t  a s  the ve r t i ce s  of the given polygon ( in  other  words ,  6 Q a r e  a l l  
chosen  to be z e r o  f o r  the f i r s t  i t e ra t ion) .  
4. Obstacles  with A r b i t r a r y  Prof i le  ; The Functional Equations 
--- - 
The preceding r e su l t s  can be readi ly  extended to contain the gen- 
e r a l  c a s e  when the obstacle  has  an  a r b i t r a r y  prof i le .  This  genera l iza -  
tion i s  quite s t ra igh t forward  fo r  the c a s e  of fixed detachment  when the 
detachment  points ( in gene ra l  a t  s h a r p  c o r n e r s )  a r e  a s s u m e d  known. 
The theory can a l s o  be applied to the prob lem of smooth detachment,  -- 
when the detachment points ( a t  a smooth sur face ,  fo r  example) cannot be 
p re sc r ibed  in  advance,  provided some additional appropria te  conditions 
a r e  imposed f o r  their  determination.  The condition general ly  adopted 
f o r  this type of problem i s  based on Villat 's  c r i t e r ion  (1914) which r e -  
qu i res  the curva ture  of the f r e e  s t reaml ine  to be finite a t  the point of 
smooth detachment.  
Thus we p re sume  that the f r e e  s t reaml ines  become detached f r o m  
the body a t  points A and B (with e i ther  fixed o r  smooth detachment) to 
f o r m  a wake o r  cavity, a s  depicted in F igure  2 .  The wetted su r f ace  of 
the obstacle may be expressed  paramet r ica l ly  a s  
where S i s  the total a r c  length of the wetted sur face .  These functions and 
their  f i r s t  der ivat ives  may  be assumed Hglder continuous in  s f o r  0 0 s  S. 
The inclination angle of the body surface with the x-axis  i s  
Here  the var ia t ion of p need not be l imited sma l l  a s  long a s  the resul t ing 
flow i s  supported by physical  observations.  The maximum varia t ion of 
p ,  defined a s  the difference between the maximum and m i t ~ i m u m  value of P, 
may be taken to be l e s s  than T and may be considerably sma l l e r  in  ordin- 
a r y  c a s e s  of p rac t ica l  applications.  
Let  us consider  a limiting p roces s  by which the number  N of the 
polygonal faces  i n c r e a s e s  beyond a l l  bounds, the face lengths I a l l  
tend to ze ro ,  and the turning angles E a l l  become vanishingly s m a l l  ex- k 
cept possibly a t  a finite number  of isolated points where the obstacle  has  
s h a r p  c o r n e r s .  In the l imi t  a s  N-+ oo and ] E 1-p o, we may r ewr i t e  (1  1) k 
a s  
and then replace the summation by an integration with r e spec t  to the con- 
tinuous var iable  T , substituting s k~ by (-dp) where P (  T )  i s  the inclina- 
tion angle of the body sur face  a t  the point t  = 7 .  (The negative sign of 
(-dp) i s  taken on account of the origina.1 convention of the positive sense  of 
E k .  ) We therefore  obtain 
where c lear ly  P = P(-1) .  I t  may be noted that this r e su l t  includes the 0 
special  ca se  (11) for  the polygonal bodies when we take 
6 ( T - 7 ) being the Dirac delta function. Integrating the in tegra l  in (22) k 
by p a r t s ,  we find that the contribution a t  the lower  l imi t  7 = -1 (where  
P = Po and log [ ( t  - 7 ) / ( t  T -1)  ] = in) cancels  the factor  exp (-iP ) ,  giv- 
0 
ing 
The exact  solution i s  therefore  expressed  paramet r ica l ly  a s  f = f ( t ) ,  
w = w( t ) ,  with f ( t )  given by (10) and w(t) by (22) o r  (23) .  As a r e m a r k ,  
the above solution w(t) cam a l s o  be obtained direct ly  by the method of 
functional theory ( s e e  Appendix). 
The f o r m  (22) i s  based  on the curva ture  whereas  (23) ,  on the in- 
clination of the body sur face .  In fact ,  the curva ture  of a bounding s t r e a m -  
l ine ,  defined by # = de/ds ( s  being the a r c  length along the s t reaml ine) ,  
can be wri t ten 
where  d = ~A?.OS w = Q + i h .  (24bj 
Hence on the body, 8 = P ( o r  they may differ by a t  m o s t  a constant) ,  
and on the cavity boundary where X = 0, 
Finally,  the physical z-plane i s  again determined by (1 2), except 
now w(t) i s  given by (22) o r  (23) .  In par t icu la r ,  on the body ( t  r e a l ) ,  
in which 1 above the in tegra l  sign signifies the Gauchy pr incipal  value.  
Since for  r ea l  t ,  
we may  a l so  wr i te  for  the points on the solid sur face ,  o r  fo r  t  r ea l ,  
i P 
Since dz = ( d s ) e  , i t  therefore  follows f r o m  (26b) that the a r c  length 
s ( t )  along the body sur face ,  measu red  f r o m  the leading edge A, i s  
The above f o r m a l  solution contains two a r b i t r a r y  p a r a m e t e r s  A 
and to, and an  a r b i t r a r y  r e a l  function P ( L ~ .  They a r e  governed by the 
following conditions. F i r s t ,  application of condition (2) to (23) yields 
Next, l e t  us consider  the boundary condition on the solid sur face .  In the 
ca se  of fixed detachment,  the angle P i s  a given function of s  ( s e e  (21 ) ) .  
However s ( t )  and hence P i i )  - jj(s(t)j, which appear  in  (27) and (28) ,  a r e  
not known $ pr io r i .  Thus the right-hand side of (27) and (28) may be r e -  
garded  a s  two in tegra l  opera tors  of1 [s(t)a p ( ~ ) ;  to ] and d2 [ ~ ( f ) ,  p ( ~ ) ;  t o ]  
depending on s ( t ) .  P(s) and pa rame te r  t which provide the functional 
0 ' 
t ransformat ions  of s ( t )  into the left-hand s i d e m m b e r  of (27) and (28). o r  
symbolically,  
,&*)/A = 9, id l t ) ,  ,do(+,) t o  1, 
the right-hand s ides  of these equations being independent of the pa rame te r  
A .  Equations (29) and (30) a r e  a s e t  of functional equations for  the un- 
knowns s ( t ;  to). P(t) and t . Finally the pa rame te r  A i s  fixed by the physi- 
0 
ca l  sca le  of the total  a r c  length 
F o r  the problem of smooth detachment, each  smooth- separat ion 
point becomes an additional unknown for  which another condition m u s t  be 
imposed  fo r  i t s  determinat ion.  We may adopt the finite curva ture  con- 
dition that  
where w = i log w and where t = -1 ( o r  1) i s  applicable when the smooth 
detachment occurs  a t  A ( o r  B) .  This can be seen  a s  follows. F r o m  the 
loca l  conformal behavior of f( t)  a t  t  = 1 i t  i s  obvious that df/dt van- 
i shes  l ike ( t  * 1) a s  I t  * 1 1-0. Therefore  the curva ture  of the f r e e  
s t r eaml ine  ( K  = d w/df, s e e  (25b)) will be  infinite a t  the detachment un- 
C 
l e s s  dw/dt a l so  vanishes  t he re .  In the la t te r  ca se  i t  follows f r o m  Villat 's 
a l ternat ive (Villat (1914)) that  the curvature  of the f r e e  s t reaml ine  a t  de- 
tachment  coincides with that of the body. By using (23) '  condition (32) 
can  fur ther  be wri t ten 
which m u s t  be used together  with the previous  conditions to  de t e rmine  
P ( S ( ~ ) ) ~  to,  and A. 
The above considera t ions  provide a m e a n s  of const ruct ing i n v e r s e  
and approx imate  solutions of the cavity p rob l em.  F o r  the i nve r se  p r o -  
b l em we begin with an  adequate choice of to  and the function P(t) ,  then 
a and U ( o r  o ) can be calcula ted d i rec t ly  f r o m  (28) ,  and the geome t r i -  
c a l  configuration by quadra tu re  f r o m  (26) .  Again, the body prof i le  v a r i e s  
f o r  d i f ferent  a and o . The exac t  solution of a n  appropr ia te  i n v e r s e  
p rob lem can a l s o  be used a s  the r e f e r ence  flow fo r  a.pproximate solut ions  
of the o r ig ina l  phys ica l  p rob lem.  
5. Numer ica l  I t e ra t ion  and Approximate  Methods 
The gene ra l  prof i le  of the curved  obs tac le  m a y  admi t  (N-1) i so la t -  
ed  s h a r p  c o r n e r s  a c r o s s  e ach  of which ( s a y  a t  ) the inclination P jumps Z k  
by ( - 6  TT) s o  that  we m a y  wr i t e  k 
where  Sk  i s  the a r c  length  f r o m  A to z and  H i s  the Heavis ide  s t ep  k ' 
function.  C l ea r l y  7 ( s )  i s  continuous eve rywhe re  on the wetted s u r f a c e .  
We p r e s e n t  in  the following two numer i ca l  s c h e m e s ,  the f i r s t  one being 
en t i re ly  gene ra l ,  whe rea s  the second i s  c h a r a c t e r i s t i c  f o r  a p a r t i c u l a r  
ca tegory  of p ro f i l e s .  
(5A) An In tegra l  I t e ra t ion  Method 
The following i n t eg ra l  i t e ra t ion  method h a s  been developed f o r  the 
gene ra l  purpose  and h a s  been found to be re la t ive ly  s imple  and s t r a i gh t -  
f o r wa rd  to apply.  Suppose t h e r e  ex i s t s  a known bas i c  flow r e f e r r e d  to 
which the flow in  quest ion m a y  be r ega rded  a s  a (not  n e c e s s a r i l y  s m a l l )  
pe r tu rba t ion .  F o r  convenience the bas ic  flow m a y  be chosen a s  s imp le  
a s  p r ac t i c a l ;  f o r  examp le ,  one m a y  choose  an  incl ined f la t  plate if P (s )  
i s  everywhere  s m a l l ,  o r  a  two-sided wedge spanning the s a m e  end points  
A and B if P(s)  i s  mode ra t e  o r  l a r g e .  The exac t  solution of the ba s i c  
flow will be denoted by 
The function P ( o ) ( s )  i s  of course  different f r o m  P(s) of (33) 
Equations (27) and (28) may be rewri t ten fo r  the i terat ion scheme 
a s  
for  n = 1, 2, 3, . . . , where 
Here  p ( s (n ) ( t ) )  a s s u m e s  the corresponding value of the p re sc r ibed  P(s) 
with s = s(")(t) fo r  n = 0 ,  1 2 ,  . . . , s(')(t) being provided by the 
basic  flow. Other than this ro le ,  the inclination P(0) (s )  of the basic 
flow never  explicitly en t e r s  the i terat ion calculation. Finally the physical  
s ca l e  factor  A(") of each  n will be so  chosen that 
This  condition ensu res  that the total a r c  length of the wetted sur face  i n  
each  i terat ion,  including the basic  flow, remains  fixed ( s e e  condition ( 3  1)) 
s o  that the original  boundary condition of the p re sc r ibed  P(s) can  b e  ap-  
plied in  the en t i re  in terval  0 < s  <S. When the s e t  of values { t  
0 
( 1  and 
functions { s  (n) ( t )  ) tend to definite l imi t s  a s  n -tm, then this i t e ra t ion  
converges  to the requi red  solution.  In numer ica l  work,  e s t ima te s  of 
s  (n+l)s(n)  - 1 / and 1 to (n  + 1) I t o  ) l  1 provide good indication of the 
r a t e  of convergence 
In the prob lem of smooth detachment one a l so  has  to apply thz 
s a m e  i te ra t ion  procedure  to the additional condition (32a) ,  use  of which 
m u s t  yield convergent values of the detachment points if the solution i s  
to be meaningful. 
I t  should be pointed out h e r e  that this i t e ra t ion  method i s  un iversa l  
s o  long a s  the in tegra l  operat ions  involved can be c a r r i e d  out and the pro-  
c e s s  i s  convergent ,  It  there fore  includes the specia l  c a s e  of s tep- jump 
p fo r  polygonal obs tac les .  
(5B) Polynomial Representat ion of P(t) 
Le t  us consider  again the genera l  c a s e  (33) .  While the de te rmina-  
tion of P(t) i s  general ly  complicated,  the values of P a r e  neve r the l e s s  
p r e sc r ibed  f o r  the fixed detachment points A and B ,  P ( -  1) = PA, 
P(1) = PB, s ay .  Hence f r o m  (33) 7 i s  a l so  known a t  t  = +. 1 ,  namely 
We may next expand the continuous function r ( t )  into a power s e r i e s  
m=I k=1 
which satisfies condition (40) and converges  uniformly and absolutely f o r  
- 1 < t  < 1 .  F u r t h e r m o r e ,  i t  i s  noted f rom (25) that the curva ture  of the 
solid sur face  n e a r  the detachment points i s  
But i t  h a s  already bcen noted that  (df/dt) vanishes  l ike (1  a t) a s  
I 1 a t 1+0. The re fo r e ,  a s  long a s  the cu rva tu r e  of the wetted su r f ace  is 
f ini te a t  the detachment ,  r e g a r d l e s s  whether the detachment  is f ixed o r  
smooth ,  the following two conditions 
m u s t  be sa t i s f i ed ,  which, when applied to (41) ,  yield 
Actual ly  we can  c a r r y  out the l im i t  in  (42) and apply the known cu rva -  
t u r e  condit ions a t  the detachment  points;  the r e s u l t  will however be 
omi t t ed  h e r e .  
An approx imate  method i s  obtained by taking a t runca ted  s e r i e s  
in (41) with M t e r m s  in  m and N t e r m s  in  n .  F o r  s impl ic i ty  we 
sha l l  de sc r i be  th is  method  f o r  the spec ia l  c a s e  of no s h a r p  c o r n e r s ,  
and  hence  P(s)  = '$(s). Substituting this  polynomial  in  (27) and (28) ,  
we obtain 
t I 
A+. =j r-t - j a ~ ? )  4f dt (?- t )  (?t - 1 )  (44) 
-1 
where  
In addition to conditions (44),  (45),  we have of course conditions (43b) 
(31) and (32) (the l a s t  one being for  the smooth detachment case) .  
In case  the change of the surface inclination i s  sufficiently smooth 
over the ent i re  sur face ,  especially near  the points A and B, one may  
( 0) r ega rd  7 ( t )  = (7 -  vMN) a s  the ie ference  flow and derive a l inear  pro- 
blem for  the coefficients 7 . An appropriate number of points on the 
mn  
rea l  t-axis may be chosen f o r  application of condition (44).  
6 .  Lift and Drag 
The complex force F = X t iY i s  seen  to be 
where the contour fl i s  C'BAC. The f i r s t  t e r m  of the l a s t  integral  be- 
comes  
by integration by p a r t s ;  and the complex conjugate of the second in tegra l  
i s  
Now the integrand of the l a s t  two integrals  a r e  analytic and regular  every-  
where inside the contour r except at  the s imple pole t = t . Since a s  0 
t - t  , 
0 
we obtain by the t heo rem of r e s idues  
by using (2 ) .  Final ly  the l if t  L and drag  D a r e  given by 
whe re  G(t)  = d log w/dt, and hence fo r  the polygonal obstacles  
and i n  gene ra l  
7 .  Some Bas ic  F e a t u r e s  of the F r e e  S t r eaml ines  
The shape of the f r e e  s t r eaml ines  AC and BC' will now be de- 
t e rmined .  On the boundary AC and BC' of the near -wake ,  
which co r r e sponds  to  [ =  & = cos  )i . Then f r o m  (23) and (24b). 
Let  the image point of z = oo be 
I 
or  & =$+ire, < , = $ ( j - + ~ ) ~ d o ,  ~ , = ~ ( ~ - v ) A o ' .  I / I (53b) 
with 1 to 1 < 1 for  the fully developed wake flows. Then on AC and 
BC' , 
The curvature  of AC and BC', by (25b), i s  rd = dd/df,  o r  
C 
Thus the curvature  of AC and BC' i s  in  genera l  singular a t  A, B,  C 
and C ' .  The singular behavior of the curvature  a t  C and C', o r  a t  
C = , i s  an  intr insic  feature  of this wake model.  
A pa rame t r i c  representat ion of the f r ee  boundary AC and BC' 
can be obtained f rom 
where d(5) i s  given by (52).  
8. Examples  
In the preceding sections severa l  numerical  methods have been de- 
veloped for  the general  purpose of evaluating the d i rec t  p roblems.  In o r -  
de r  to  exhibit the important  physical effects of cavity flows pas t  curved 
bodies and a t  the s ame  t ime to c a r r y  out these numer ica l  schemes ,  we 
consider  in the following a few typical examples:  (A) symmet r i c  wedges, 
(B) two-step wedges, (C)  flat  plate with a flap, (D) inclined c i r cu l a r  
a r c .  Case  (A) contains only a s imple  integration; the complete r e su l t  
i s  p resen ted  he re  for  possible  adoptions a s  a reference flow for  m o r e  com- 
plex problems.  The genera l  methods can often be considerably simplified 
for  par t icu la r  c a s e s ,  such a s  shown in (B) a.nd (C) where a combined 
use of the d i rec t  and inve r se  calculations can be made very  effective and 
powerful. As a. comparison,  the in tegra l  i terat ion method has  a l so  been 
applied to (C) .  Finally,  the c i r cu l a r  a r c  problem i s  solved by using the 
in tegra l  i terat ion method, and the r e su l t s  compared with the available ex- 
pe r imen t s .  
All the numer ica l  cornputatio~ls have been programmed and c a r r i e d  
out on the IBM709O computer a t  California Institute of Technology. The 
e r r o r s  involved in  the computations, if explicitly ver i f ied,  will be s ta ted 
a t  the relevant place.  
(8A) Svmmetr ic  Wedee 
Consider the cavity flow pas t  a symmet r i ca l  wedge of half ve r t ex  
angle PIT a s  shown in  F igu re  3 .  The limiting case  of infinite cavity a t  
CY = 0 i s  known a s  Bclbyleffl s problem; and the problem with a r b i t r a r y  
B" has  been worked out with var ious  cavity models ,  e .  g. , with Riabouch- 
insky" by P l e s s e t  and Shaffer (1948 a ,  b ) ,  and P e r r y  (1952), and 
with the wake model of Joukowsky and Roshko by Roshko (1954). The 
method given h e r e  is essent ia l ly  not different f r o m  that of Roshko who 
0 presen ted  the numer ica l  restfit for  one case  p.rr = 45 . We derive h e r e  
t he  f inal  r e su l t  in a c losed f o r m  and presen t  numerical  values in a wider 
range.  
By symmet ry  i t  i s  obvious that 
At z = m, w = U, hence 
consequently,  f r o m  ( l o ) ,  
The physical  plane i s  the re fore  
L e t  the length of one wedge face  be 4, then 
F r o m  (48), (50) we read i ly  deduce that  L = 0 and 
The d r a g  coefficient  ba sed  on the wedge ba se  b = 2 4! s in  FIT is t h e r e f o r e  
A s  8"- 0 ,  both U and V tend to  unity, and we find the following asymp- 
tot ic behavior  
where  
which can be exp re s sed  in t e r m s  of the logar i thmic derivative of the r- 
function. 
The above resu l t  of C i s  computed and shown in  F igu re  4 v e r s u s  D 
the cavitat ion number  0' for  a number  of the ve r t ex  angles prr. The p r e -  
sent  theory i s  found in  good agreement  with the exper imental  r e su l t s  of 
Waid (1957) and of Cox and Clayden (1958). 
(8B) Two-Step Symmetr ic  Wedge 
Le t  us consider  the cavity flow pas t  a two-step symmet r i ca l  wedge 
with the inclination equal to P rr and ( P  + r)rr on the f i r s t  and second leg 
respec t ive ly  ( 0 <  P <  1, O <  ( P  +7 )<  1, s ee  F igu re  3 ) ,  the flow being 
again s y m m e t r i c  about the x-axis  and the imaginary t -axis .  Le t  t  = f T 
co r r e spond  to the in te rmedia te  ve r t i ce s ,  then 
~t z = oo, w = U and t  = -iV, O < V < l ,  hence 
0 
This equation m a y  a l s o  be wri t ten 
2 Since 0 < TI< 1 and 0 < V ( 1 ,  we deduce f r o m  (66a) that  (i) V < < I 
2 
and (ii) < p < 1 F r o m  ( i )  i t  immediate ly  follows that 
r 
(When 7 i s  negative,  1 1 i s  taken to be sma l l  compared  with P. ) This 
inequality gives the range  of V fo r  p r e sc r ibed  U = ( 1  +@')-? and 
P, 7. The inequality (ii) then provides an  upper bound f o r  rZe 
The physical  plane i s  given by 
where 
Le t  & r  and be the length of the segment U P l  and P I A ,  then 
The width of the wedge base i s  
F o r  given p, d , @ , ZL/ei the p a r a m e t e r s  V  and T can be de t e r -  
mined fronl  (66) and (69) .  i f  use i s  made of (66a) in expressing 
7 = T (V) ,  one can c0rriput.e V direct ly  f r o m  (69) a s  a function of 
P 9 - 6  9 a", P Z / C ,  - 
Finally,  application of (50) to this ca se  gives that L = 0, and 
Therefore  the drag coefficient based  on the base  width i s  
A very  s t ra ightforward scheme i s  adopted for  the numer ica l  csm- 
putation in this c a s e .  F o r  prescr ibed  cavitation number  Cf (and hence 
U), a s e t  of values  of V a r e  chosen within the region of (67) ,  each  of 
which then gives  a f ixed T by (66a) .  The r a t i o  44/41 can  t he r e fo r e  
be calcula ted f r o m  (69) a s  a function of ( U ,  V ;  P, 7 ) f r o m  which i t  
r ead i ly  follows the r e s u l t  of C by (72).  No fu r t he r  e laborat ion i s  D 
needed h e r e  a s  the numer i ca l  work involved i s  r a t h e r  s imp le .  The d r ag  
coefficient  CD is shown v e r s u s  4, / ( e l  + Pa} with fixed values  of 0' 
0 in F i g u r e s  5, 6 ,  7 f o r  t h r ee  spec ia l  c a s e s :  p n  = an = 30 , 45O and 90O. 
The l a s t  c a s e  h a s  a l s o  been cons idered  by P l e s s e t  a.nd P e r r y  (1954).  The 
a g r e e m e n t  between the p r e s e n t  theory and the exper iment  of Waid (1957) 
may be  r e g a r d e d  to  be good, a s  shown in a n  i n s e r t e d  c r o s s  plot of Fig-  
u r e  7. The r e s u l t  that  Waid 's  data  a r e  all sl ightly h igher  than the theory  
f o r  b/a = oo ( for  which c a s e  the flow i s  a l m o s t  a l l  s tagnant  ins ide  the cup) 
m a y  b e  due to  the i n t r i n s i c  f e a tu r e  of th is  flow mode l ,  o r  the wall ef fect  
which was  not accounted f o r  or ig inal ly .  
(8C) F l a t  P l a t e  with a F l a p  
7 
As the s i m p l e s t  c a s e  of a polygonal obstacle  i n  an  a s y m m e t r i c a l  
flow we cons ider  a f la t  p la te  AP1 with an extended f lap  P B held  a t  a 1 
f l ap  angle  E n which wil l  be  taken posit ive h e r e  ( s e e  F i g u r e  3). With the 
x -ax i s  taken along A P  we have 1 '  
E - 4 
&.J- = t ( t - r l  (rt-r) 
9 
- i a  
where  t = T  i s t h e i m a g e o f t h e p o i n t  P At z = o o ,  w = U e  , t = t  1 ' 0 ' 
hence 
F r o m  this  equation i t  i s  r ead i ly  s e e n  that U ( I tol ( 1 ( o r  s e e  (13a) ) .  
The physical  plane i s  given by 
where  
- 
qr* t o )  - I df = (1 - tZ )  ( I+ tZ -  k t  (+o+ I+ t o - ' E - ' ) ]  
2At 'if - 1  \=(t - E - ' ) z  (7 5b) ( t - t o f ( t - < ) 2 ( t - t o  ,
L e t  C and f::: be respec t ive ly  the unflapped chord  and the f l ap  length .  
Then 
F o r  the convenience of computation,  (76) can be wr i t t en  by change of 
va r i ab l e s ,  
where  
r- u ?+ u 
~ , ( U ; T )  = ----- - .  
Final ly ,  we der ive  f r o m  (50) f o r  th is  c a s e  the l i f t  and d rag  a s  
- i a.
where t = Ve 
0 
Equations (74) and (76) a r e  two equations for  to and T which 
can be solved numerically for  prescr ibed  U, d ,  E and fgr/c. In the 
numerical  computation the following different schemes have been adopted. 
The very  nature of this special  problem permi ts  a combined use of i te ra-  
tion and the inverse problem calculation, If we choose U, d ,  E and Z 
a s  the independent p a r a m e t e r s  (which a r e  a mixture of the physical and 
* inverse  pa ramete r s ) ,  then to can be obtained f rom (74) by i teration 
where 
- ia  
and t (o) may be chosen to be Ue 'This conlputation was programmed 
0 
for  an IBM7090 electronic computer,  and the i teration executed until the 
e r r o r  of I to(n' - to ("-" 1 < 0.000l  i s  obtained. The convergence of 
this i terat ion i s  found to be ve ry  fa.st, With a se r i e s  of 2" chosen i n  
- 1 < T < 1, and with to s o  determined, the remaining pa ramete r  fx/c  
can then be determined readily f rom (76) o r  (77), and the lift and drag 
f rom (78) .  The accuracy of f + / c  and L, D depends on the to 'n) used 
in the calculation, but otherwise their  e r r o r s  have not been explicitly de- 
termined by using two consecutive values of i (n) .  The numerical  r e -  
0 
sul ts  of CL and CD (based on the chord c) a r e  f i r s t  plotted ve r sus  
fn /c  (with the +i- deleted) f o r  a se t  of values of W and 6 TI-, a s  shown 
in F i g u r e s  8 a - g .  F r o m  these f igures  the variation of GL and CD 
with 0' can be obtained by cross-plotting, a typical case  of i /c = 0 . 2  
being given in F igure  8 .  The special  case  of this problem with O"= 0 
has recent ly been t rea ted  by Lin (1961) using Levi-Civita8s method. The 
corresponding numerical  resu l t s  of these two cases  a r e  found in perfect  
agreement .  
It i s  easy  to see  that the above method (with lk chosen in order  
to calculate ek) soon becomes irnpr+ctically complicated with fur ther  
inc rease  in the number of polygonal fa.ces. F o r  the purpose of compari-  
son, this  problem has a l so  been calculated by applying the general  integral 
- -- ".- 
* The iteration method i s  used he re  for  the purpose of testing the ra te  of 
convergence, 
i t e ra t ion  method a s  de sc r i bed  in  Section (5A) which h a s  been c a r r i e d  out 
on the IBM7090 compu te r ,  I t  h a s  been found that  to obtain the s a m e  a c -  
cu r a cy ,  the compute r  t ime  fo r  the in tegra l  i t e ra t ion  method i s  cons ide r -  
ably m o r e  than that  f o r  the method ment ioned above.  I t  i s  f e l t ,  however ,  
that  the i n t eg ra l  i t e ra t ion  method will be l ikely  m o r e  advantageous and  
timewsaving when the re  a r e  m o r e  than two consecut ive  f l aps .  
(8D) C i r c u l a r  A r c  Hydrofoil  
A s  a n  example  of the gene ra l  prof i le  with continuously varying in-  
c l inat ion,  we cons ider  the c i r c u l a r  a r c  hydrofoil  with rad ius  R and aTr 
length 2  7 K s o  that  the a r c  angle i s  2 7  ( s e e  F i g u r e  9 ) .  The incl inat ion 
p i s  a  l i n e a r  function of s :  
The p rob l em h a s  p rev ious ly  been t r e a t ed  by Wu (1956a) adopting 
the wake mode l  of Joukowsky and Roskko and  using Lev i -Civ i ta ' s  method  
i n  a n  approx imate  m a n n e r  such  that  the s d r i e s  expansion i s  t r unca t ed  and 
the boundary condit ions on the inclination and cu rva tu r e  a r e  s a t i s f i ed  only 
0 
a t  the end points .  The numer i ca l  work was  c a r r i e d  out f o r  7 = 8 and  
the r e s u l t s  c o m p a r e d  with the exper iments  of P a r k i n  (1  956). The c a s e  of 
s m a l l  ha s  a l s o  been cons idered  by Wu (1  956b) a s  a n  example  of the 
genera l i za t ion  of Tulin '  s  l i nea r i z ed  theory (1  955). These  two l i n e a r  and 
non- l inear  t heo r i e s  have been comp ared  fo r  the c a s e  q =  8' ( s e e  WU, 
1956b). 
In o r d e r  to  c o m p a r e  the p r e sen t  cavity flow theory  and the a s s o c i a t -  
ed  computat ional  p rog ra ln  with the previous  nonl inear  theory  (Wu, 1956a) ,  
0 
the numer i ca l  work of th i s  p rob l em h a s  been c a r r i e d  out f o r  7 = 8 , 
using the i n t eg ra l  i t e ra t ion  method of Section (5A) on an  IBM7090 c o m -  
p u t e r .  In the compute r  p r o g r a m  used in  th is  c a s e  the conventional  ave r ag -  
ed- i t e ra t ion  p r o c e s s  i s  employed.  The i t e ra t ion  p r o c e s s  i s  executed until  
the e r r o r  of 1 ~ ' ~ )  - v("-') I and lao(") - a  o  ("- I )  I a r e  both l e s s  than 
0 .  0001. The convergence of the  i t e ra t ion  i s  cons ide r ed  to  be ve ry  s a t i s -  
f a c to ry .  The resul t ing C~ and C D  (ba sed  on cho rd  length  P A B = 2 ~  s i n v )  
a r e  shown v e r s u s  C f  i n  F i g u r e s  9 and  10,  in which P a r k i n ' s  experimental 
data (1956) a r e  included for  comparison.  The CD i s  found to  be virtually 
identical  with the previous approximate theory (Wu, 1956a), whereas  C~ 
of the presen t  theory i s  slightly g rea t e r  than the previous one for   noder rate 
values  of @. 
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APPENDIX 
We p resen t  h e r e  an a l te rna t ive  derivat ion of the r e su l t  w = w(t) given b~ 
Equation (23) in the text .  
The boundary problem of the analytic function d = i  log w = @ +  I k ,  which i s  
defined in the upper half <-plane ( see  (7)  and Figure  l ) ,  may  be expres sed  i n  t e r m s  
of i?,= 5 t i q  a s  
I m d  = 2 = 0 f o r  y = o ,  151 < 1 ,  (A1 
Re 03 = 8 = P ( A )  { O r  q =  0 ,  5 > I ,  (A21 
= P +  ,5(4 0 y =  0 ,  5 < - I .  
H e r e ,  the function p ( s ) ,  defined by (21b), i s  a s sumed  to be a known function of 5 . 
By vi r tue  of ( A l )  CJ can be continued analytically into the lower half < plane by 
Schwarz ' s  principle of reflection 
t3E) = a(<) (A31 
f + We shal l  adopt the notation dL(< ) = 8 - ( <  ) t i l-(<) t o  signify the l imi t  of d a s  
7 -+ 2 0 , respect ively.  Then f r o m  (A3) i t  follows that 0' = 0- , = - A- 
Thus ,  the original  problem given by (Al )  and (A2) m a y  a l so  be posed a s  the follow- 
ing Hi lber t  problem:  
d+ - 4- = z i A + = o  fa' I E I  < l j  (A41 
c3++ &I- = no + =  zp(J (51 j  + bf, ( ~ 5 )  
- 2  [.ir+~(J(<))] f i r  5 < - I .  
The gene ra l  solution of this Hilbert  problem can be wri t ten ( see ,  for  example,  
Muskhelishvili:  Singular  In tegra l  Equations (1953), pp 235-8) 
where  n( 5 )  = i (  t: - 1)' , defined with a branch cut f r o m  -m t o  -1 and f r o m  
1 to  co S O  that fi-+ i (  a s  j<(+m, O < a r g  < < a ,  i s  a solution of the corresponding 
homogeneous Hilbert  problem,  and where c a r e  a r b i t r a r y  r e a l  coeff icients .  The 
n 
solution can be de termined uniquely only when the s ingular  behavior of d i s  com-  
pletely specified. F o r  this  problem we note that ( i )  1cJ 1 < co along the f r e e  boundary, 
7 = 0,  1 f 1 < 1 , and ( i i )  ( 3 ~  O(log c)  a s  1<1+m, the stagnation point.  F r o m  these  con- 
ditions i t  follows that cn  = 0 for  a l l  n .  Consequently (A6) r educes  to the f o r m  (23) 
upon t ransformat ion  to the t-plance by using (8) .  
f - plane 
- V  w-plane 
Figu re  1 .  The f r ee - s t r e aml ine  model  f o r  the wake flow p a s t  a 
polygonal obstacle and i t s  conformal  mapping planes  . 
F i g u r e  2 .  F r e e - s t r e a m l i n e s  with fixed and smooth detachment  
f r o m  a solid boundary.  
Figure  3.  The coordinate sys tems  and notations for  specific 
c a s e s .  
Figure  4. Varia t ion of C with the cavitat ion number  @' f o r  
0 
s y m m e t r i c  wedges .  w a i 8 s  data:  pn = 5 , ; 15O, A ; 45O, 
V ; 90° ; the sol id  symbols  r e p r e s e n t  the corresponding 
da ta  obtained when the cavity was fi l led with a mix ture  of 
wa te r  and g a s  bubbles .  Cox and Clayden data:  PIT = 15O, 30°, 
45O, 60°, 90°, a l l  r e p r e s e n t e d  by @ . 
Figure  5. Variation of C with $ z / ( ~ , +  e2) a t  s eve ra l  values D 
of the cavitation number 0- for  the two-stepped wedge with 
o p r  = 7 r  = 3 0  . 
Figu re  6 .  Variation of CD with k/id,+d ) a t  s eve ra l  values 
of the cavitation numb= 0. for  the two- stepped wedge with 
p7T = 7 7T = 45O. 
Figure 7 .  var ia t ion  of C with b / a  a t  severad values of C Y  D for  the rectangular  cup (o r  with P.rr = 'if .rr = 90 ) .  Waidts data 
for  b/& = 0.674 a r e  compared with the theory in  the inser ted  
figure.  

f /c  
F i g u r e  8 ( a )  
F i g u r e  8(a) - (g)  Var ia t ion  of CL and C with f/c f o r  a f lapped 
p la t e  a t  a = 10' shown with s e v e r a l  va fues  of and  E n .  
The symbol  0 r e p r e s e n t s  the f la t  p l a t e  so lu t ion .  
F i g u r e  8(c) 
F i g u r e  8(d) 
I 1 I 
0 0.2 0.4 0.6 0.8 1 .O 
f / c  
F i g u r e  8 ( e )  
F i g u r e  8(f)  
F i g  
PARKIN DATA 
Q 0-10 '  
A 15' 
0 20°  
v 25' 
0 30' 
Figure 10 .  Variation of CD with d for a c i rcu lar  a r c  hydro- 
foil a t  incidence a. 
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Attn: Codes 4'38 ( 3 )  
461 
4 6 3  
466 
Commanding Officer 
Office of Naval Resea rch  
Branch  Office 
Commanding Officer 
Office of Naval Resea rch  
Branch  Office 
207 West  24th S t r e e t  
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Depar tment  of the Navy 
ashington 25,  D.  C .  
Attn: Code 32-400 
Commanding Officer  and Di rec to r  
David Taylor  Model Bas in  
Washington 7 ,  D.  C .  
Attn: Codes 108  
1 4 2  
500 
51 3 
520 
5 25 
526  
526A 
5 30 
5 3 3  
580 
585 
589 
591 
59 1 A 
'700 
Commmdf:  r 
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Superintendent  
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Superintendent  
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Washington 25, D. C .  
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Washington,  D. C.  
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Superintendent  
U .  S .  Merchan t  Mar ine  Academy  
Kings P o i n t ,  Long I s l and ,  New York  
Attn:  Capt .  L .  S .  McCready  
(Dept .  of Eng inee r i ng )  
Commanding  Off ice r  and  D i r e c t o r  
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P a n a m a  Ci ty ,  F l o r i d a  
Commanding  Off ice r  
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Langley Stat ion 
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M r .  D. 3. M a r t e n  
D i r e c t o r  Engineer ing  Sc i ences  Divis ion H a r v a r d  Univers i ty  
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Depa r tmen t  of C o m m e r c e  
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Univers i ty  of Michigan 
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Attn:  P r o f e s s o r  K.  B.  Couch 
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P r o f e s s o r  W. W. Wi l lma r th  
(Ae ro .  Engineer ing  D e p a r t m e n t )  
P r o f e s s o r  M .  S .  Ubero i  
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Attn:  M r .  J .  N. Wetze l  
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Depa r tmen t  of Mechanica l  Eng inee r i ng  
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C r e s c e n t  Beach  Road 
Glen  Cove ,  New York  
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Attn:  M r .  W. Mykytow, Dynamics  
B r a n c h  
C o r n e l l  Ae ronau t i c a l  L a b o r a t o r y  
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Attn: M r .  Robe r t  McCandl i ss  T r a n s p o r t a t i o n  Technica l  R e s e a r c h  Inst i tute  
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